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Abstract:

We consider the nonlinear Schrodinger equation [1] driven by a certain generalized
”Dirac random comb” of the form

iut + uxx + 2|u|2u = i
(
− Γu+

∑
n

(
e−γn − 1

)
δ(t− tn)u(t−n , x)

)
(1)

where Γ ∈ R+ is the normalized damping coefficient and tn > tn−1 and γn > 0
(jump positions and magnitudes) are certain sequences of random numbers. Such
a perturbation incorporates the possibility of sudden changes in the field stemming
from inhomogeneities in the media as might occur for an optical pulse propagating in
a nonlinear optical fiber [2,3] which has impurities at certain random locations tn at
which the amplitude decreases from the ”input” value u(t−n , x) to an ”output” value
e−γnu(t−n , x).
If Γ = 0 we show that the resulting equation can be piecewise related to the unper-
turbed NLS equation and show how to solve the initial value problem in a global way.
The construction involves the classical Poisson jump-process [4]. Even though the
solution itself has jump discontinuities in time we show that a complete set of global
conserved quantities exists for all time.
In the general case Γ 6= 0 the resulting equation is no longer integrable by IST
([5,1]). Nevertheless we determine the random evolution of several physically relevant
quantities under the natural assumptions (i) δn ≡ tn − tn−1 > 0 is a sequence of
independent, identically distributed random variables (iidrv), (ii) γn is a sequence of
iidrv, (iii) δn is independent of γm and (iv) given that there are a fixed number n of
jumps t1 < . . . tn on [0, t] then they are uniformly distributed on the interval. We
show that their average value decreases exponentially in time due to the ”impurities”.
We next formulate a linear integral equation that the mean half-life of the field Energy
satisfies and, by means of a Laplace transform, find the solution.

References:
1. V. E. Zakharov, A. B. Shabat, Sov. Phys. JETP, 34, 62 (1972).
2. M. J. Ablowitz, G. Biondini, S. Chakravarty, R. Jenkins, J. Sauer, Opt. Lett.

21, 1646 (1996)
3. A. Hasegawa and Y. Kodama, Phys. Rev. Lett.66, 161 (1991). Y. Kodama

and A. Hasegawa, Opt. Lett. 7, 339 (1983)
4. R. C. Merton, J. Financ. Econ. 3, 125 (1976)
5. M. J. Ablowitz, P. A. Clarkson, Solitons, Nonlinear Evolution Equations and

Inverse Scattering. London Mathematical Society Lecture Notes Series 149,
Cambridge University Press, 1991.


